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Abstract
We give a sequential algorithm to color a new class of perfect graphs. Our algorithm is based
on a 3-chromatic exchange using Tucker’s algorithm for 3-coloring the perfect graphs that do
not contain a clique of size four. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
In a graph G = (V; E); a k-coloring is a mapping c : V ! f1; 2; : : : ; kg such that
c(u) 6= c(v) for every edge uv. Each color class is a stable set, hence a k-coloring
can be seen as a partition into stable sets S1; : : : ; Sk . The chromatic number (G) is
the smallest k such that G admits a k-coloring. A graph G is then called perfect [4]
if (H) = !(H) for every induced subgraph H of G, where !(H) is the size of a
largest clique in H . Determining the value of (G) is an NP-hard problem in general
[6]. It becomes polynomially solvable for perfect graphs, as proved by Grotschel et
al. [8]; their algorithm however uses the ellipsoid method and is not very ecient in
practice. Tucker [10] found a combinatorial algorithm for coloring every 3-colorable
perfect graph G with (G) colors, in time O(jV j3). Note that the 3-colorable perfect
graphs are exactly the K4-free perfect graphs.
The following sequential method for coloring perfect graphs was proposed in [1{3].
Let v be a vertex of G. Assume that G − v has been colored with a coloring c using
!(G)>3 colors S1; : : : ; S!(G). Suppose that the following property T (v; c) holds: there
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exist three distinct colors i; j; k such that the subgraph induced by Si [ Sj [ Sk [ fvg
contains no K4. We can then apply Tucker’s algorithm to this subgraph and color it
with three colors. Hence, keeping the other !(G)−3 colors, we get an !(G)-coloring of
G. So it is interesting to nd such vertices v that T (v; c) holds for every !(G)-coloring
of G − v. We call such vertices Tucker vertices.
It could be interesting to characterize the class of graphs where every induced sub-
graph has a Tucker vertex, but this seems to be too hard.
In this paper we investigate the following property P(!) of a vertex v: the neigh-
borhood of v does not induce a diamond (the diamond is the graph K4 − e) and the
number of neighbors of v belonging to a triangle does not exceed 3!− 5 if !66 and
3!− 6 otherwise. The main result is:
Theorem 1.1. If a vertex v of a graph G satisfy P(!(G)) then v is a Tucker vertex.
The proof of this theorem is given in the next section.
We can dene the class G of graphs G such that every induced subgraph H has
a vertex with Property P(!(G)). Given such a graph we can order its vertices as
v1; : : : ; vn so that v1 has Property P(!(G)) in G; v2 has Property P(!(G)) in G − v1,
etc. The existence of such an ordering is a characteristic of graphs in G; indeed, if H
is an induced subgraph of G and i is the smallest subscript such that vi 2 V (H) then it
is clear that vi has Property P(!(G)) in H . Finding such an ordering is algorithmically
easy since testing Property P(!) is a polynomial task, as shown in the third section.
Hence G is a polynomially recognizable class.
Now recall Berge’s Strong Perfect Graph Conjecture: a graph is perfect if and only
if it contains no odd chordless cycle (odd hole) and no complement C2k+1 of an
odd chordless cycle (odd antihole). Tucker proved that every K4-free graph satises
Berge’s conjecture, namely that every graph containing no K4, no odd hole and no C7
is perfect.
Consider the special subclass GH of G dened hereditary by: a graph G belongs
to GH if and only if for every induced subgraph H of G, there exists a vertex
into H with Property P(!(H)) (i.e. H belongs to G.) Observe that the graph H of
Fig. 1 does not belong to G since !(H) = 4, and the neighborhood of a vertex in X
is a diamond, moreover, the vertices u and v have 9> 7 neighbors which induce three
vertex-disjoint triangles. The graphics obtained from H by adding a disjoint clique of
size at least ve belongs to G. Thus G− GH 6= ;.
Corollary 1.2. Let G be a graph in GH containing no odd hole and no C7. Then G
is perfect.
Proof. We prove this corollary by induction on jV j. By Theorem 1.1, the graph G has
a Tucker vertex v. By the induction hypothesis, G− v admits an !(G− v)-coloring. If
N (v) contains an !(G− v)-clique then !(G)=!(G− v)+1 and we assign to v a new
color. In the opposite case, we have !(G−v)=!(G). Then, since v is a Tucker vertex,
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Fig. 1. G− GH 6= ;.
there exist three colors i; j; k such that the subgraph G0 induced by Si [ Sj [ Sk [ fvg
is K4-free. This G0 contains no odd hole and no C7 and by Tucker’s theorem it is
perfect, and so we can apply Tucker’s algorithm to it. This yields an !(G)-coloring
of G.
Recall that a graph is chordal if it does not contain as an induced subgraph any hole
of length at least four. It is well known [5] that every chordal graph either is a clique
or has two non-adjacent simplicial vertices (a vertex is simplicial if its neighborhood
is a clique).
Clearly 3-colorable perfect graph and chordal graphs are in GH. Also every line-
graph G is in GH. This is because a line-graph does not contain K5− e as an induced
subgraph, and the neighborhood of every vertex is one or two disjoint cliques, and
so every vertex has Property P(!(G)). Every diamond-free perfect graph G is also in
GH; this is because, as shown by Tucker [9], every diamond-free perfect graph has a
vertex whose neighborhood contains at most two disjoint cliques of size at least three,
and this vertex clearly has Property P(!(G)).
Unfortunately, the denition of a GH graph does not entail a polynomial algorithm
for deciding if a given graph is a GH graph, even if the input graph is a Berge graph.
2. Proof of the main result
The following theorem implies clearly Theorem 1.1:
Theorem 2.1. Let H = (V; E) be a diamond-free graph and p>3 such that !(H)6
p−1. If jV j63p−5 when p66 and jV j63p−6 otherwise then for every p-coloring
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S1; : : : ; Sp of H there exist three distinct colors i; j; k such that the subgraph induced
by Si [ Sj [ Sk is triangle-free.
Proof. Let p be the smallest integer such that there exists a counterexample to
Theorem 2.1; and let H = (V; E) be a minimal counterexample to Theorem 2.1. Let
S1; : : : ; Sp be a p-coloring of H such that for every three distinct colors i; j; k, the
subgraph induced by Si [ Sj [ Sk contains a triangle.
First observe that, since H is diamond-free:
If K is a maximal clique of H and x 2 V − K; then jN (x) \ K j61;
and every edge of H belongs to exactly one maximal clique:
(1)
We use this observation in the proofs of the following lemmas.
Lemma 2.2. For every i = 1; : : : ; p we have jSij> 1.
Proof. Suppose by way of contradiction that jS1j= 1. First observe that
for any i 6= 1; we have jSij> 1: (2)
Indeed, let jS2j=1. To obtain the triples f1; 2; ig for every i 6=1; 2 there exists a diamond
or a clique of size p, a contradiction.
Let q be the number of Si’s of size two. Since 3p− 5>jV j>1+2q+3(p− q− 1),
we have q>3. So, without loss of generality, we may assume that jSij = 2 for all
i = 2; : : : ; q + 1 and jSij> 2 otherwise. Let x be the unique element of S1; xi and yi
be the two elements of Si for i = 2; : : : ; q+ 1.
By the existence of the triples f1; i; jg for any i 2 f2; : : : ; q+1g and j 6= 1; i, we may
assume that the pair (x; xi) belongs to E. Let Qi1 be the maximal clique containing this
edge. Since !(G)<p, there exist a color t which does not apear in Qi1. We assert
that
the pair (x; yi) belongs to E: (3)
Indeed, in the opposite case, to obtain the triple f1; i; tg there exists a vertex z in St
adjacents to x and xi. Now, by maximality of Qi1, the subgraph induced by fzg [ Qi1
contains a diamond, a contradiction.
Let Qi2 be the maximal clique containing x and yi. By (1), there is no edge between
Qi1 − fxg and Qi2 − fxg. On the other hand, the existence of the triples f1; i; jg for




SiQ21 [ Q22 : (4)
Indeed, assume by way of contradiction that color 3 does not appear in Q22. So we
can assume that x3 belongs to Q21. Let r be a color which does not appear in Q
2
1. But
now, by (3) and the existence of the triple f2; 3; rg we get a diamond in the subgraph
induced by Q21 [ Q22 [ Sr .
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Let t be a color which does not appear in Q21 and r a color which does not appear
in Q22. Now we calculate the number of vertices of the subgraph induced by H
0 =
(St [ Sr) \ (
Sq+1
i=1 N [Si]). The graph H
0 is a bipartite, it contains one vertex b
(colored r) in Q21 and one vertex a (colored t) in Q
2
2. On the other hand, in or-
der to obtain the triple f1; r; tg, there exist a vertex a1 in St and a vertex b1 in Sr , both
belonging to H 0. Again by observation (1), we deduce that any vertex in Q2k − fxg
(for k = 1; 2) is not adjacent to a1 and b1. Now, we claim that
jV (H 0)− fa; b; a1; b1gj>q: (5)
Indeed, to obtain the triples fi; r; tg for i 2 f2; : : : ; q+1g, we need two vertices ai 2 St
and bi 2 Sr . By the previous remark it is clear that ai 6= a or a1 and bi 6= b or b1. Let
H 00 be the graph with vertex set V (H 0)− fa; b; a1; b1g and edge set E(H 00) = f(ai; bi)
for every i 2 f2; : : : ; q + 1gg. We can verify that one edge of H 00 participates to at
most one triple fi; r; tg with i 2 f2; : : : ; q+1g. So, jE(H 00)j>q. By (1), it is clear that
any ai and bi participates to at most two triples fk; r; tg with k 2 f2; : : : ; q+1g. Hence,
ai and bi have degree at most two in H 00. Combining these last remarks we obtain the
required inequality.
But now, we obtain a contradiction since 3p − 5>jV j>1 + 2q + q + 4 +
3(p− (q+ 3)) = 3p− 4.
By Lemma 2.2, jSij> 1 for all i. Now, let q be the number of stable sets of size
two. Since 3p − 5>jV j>2q + 3(p − q), we have q>5. Without loss of generality,
assume that jSij = 2 for i = 1; : : : ; q and jSij> 2 otherwise. Let H 0 be the subgraph
induced by S1; : : : ; Sq, and let xi and yi be the two elements of Si for every i=1; : : : ; q.
Lemma 2.3. !(H 0) = q.
Proof. Clearly !(H 0)6q. Now assume that !(H 0)<q. Then
H 0 = H and q= p: (6)
Indeed, since q>5, we have 2q= jV (H 0)j63q− 5 with equality if and only if q= 5.
Hence H 0 is a counterexample to Theorem 2.1. By minimality of H we have H 0=H ,
and hence q= p.
Observe now that
either !(H) = p− 1; or p= 5 and !(H) = 3: (7)
Assume that !(H)<p−1, and consider the subgraph H 00 induced by V (H)−Sp. By
minimality of H , if p− 1> 6 then we have 2(p− 1) = jV (H 00)j> 3(p− 1)− 6 and
so p − 1< 7, a contradiction. Thus p − 166. In this case, by minimality of H , we
have 2(p− 1) = jV (H 00)j> 3(p− 1)− 5 and so p< 6.
First, assume that p = 5. Since each color class has size two, and each pair of
colors belongs to exactly three distinct triples, and by minimality of H , the subgraph
induced by two color classes is isomorphic to P4 (a path of length four). Without
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loss of generalities, we may assume that the sequence fy1; x2; x1; y2g denes a P4 in
H and that the clique induced by fx2; x1; x3g forms the triple f1; 2; 3g. Now, x3 does
not see y1 or y2, for otherwise the subgraph induced by x3; x1; x2; y1; y2 will contain a
diamond. Thus y3 must see x1 and x2 to obtain a P4 in S1 [ S3 and in S2 [ S3. Then
x1; x2; x3; y3 induce a diamond in H , a contradiction.
Next, assume that !(H) =p− 1. Let K be a (p− 1)-clique of H . We may assume
that K contains the vertices fxig16i<p. Since p>5, we have jK j>4. Now we claim
that
every clique K 0 6= K is disjoint from K: (8)
If not, let K 0 be such a clique with K \ K 0 = fx2g. By minimality of H , without loss
of generality, we may assume that fx2; y3; y4; xpg 2 K 0 and K 0 \ S1 = ;. But now, to
obtain the triples f1; p; 3g and f1; p; 4g, we may assume that y3 and x4 are adjacent
to y1 and yp, which implies that the subgraph induced by K [ K 0 [ fy1; ypg contains
a diamond, a contradiction.
Observe that
there does not exist a clique of size at least four in H − K: (9)
Suppose not and let K 0 be a maximal clique of H − K of size at least four. By
minimality of H , we may assume that fy2; y3; y4; xpg 2 K 0 and K 0 \ S1 = ;. Now,
we consider the triples f1; p; ig for i = 2; 3; and 4. First, if the triple f1; p; 2g is
obtained by fy1; yp; x2g then the triple f1; p; 3g is obtained by fy1; yp; y3g. But now,
the subgraph induced by fy1; yp; x2; y3g is either a clique of size four (contradicting
(8)) or a diamond, a contradiction. Now, without loss of generality, we may assume
that the subgraph induced by fy2; yp; x1g (respectively fx3; y1; xpg) contains the triple
f1; p; 2g (resp. f1; p; 3g). By maximality of K and K 0 and by (1), we observe that
N (x1)\K 0= fy2g; N (y1)\K 0= fxpg; N (y1)\K = fx3g; N (xp)\K = fx3g; N (yp)\
K 0 = fy2g and N (yp) \ K = fx1g. So by (1) x4 is not adjacent to xp and yp; and
y4 is not adjacent to x1 and y1. Hence the triple f1; p; 4g does not appear in H , a
contradiction.
Let K 0 be a maximal clique dierent from K of size three in H . We claim that
K \ K 0 = ;: (10)
Indeed, in the opposite case assume that K 0 = fx2; y3; xpg. First, suppose that the
subgraph induced by fx3; y1; ypg is a triangle. Since x1 is not adjacent to xp and yp, to
obtain the triple f1; 2; pg and f1; 4; pg the vertices y2 and y4 must be adjacent to y1.
If y2 or y4 is adjacent to yp then either H contains a diamond, or H contradict (8).
Then the triple f1; 2; pg is obtained by a triangle fy1; y2; xpg, and the triple f1; 4; pg
is obtained by the triangle fy1; y4; xpg. Hence, the subgraph induced by fxp; y1; y2; y4g
either contains a diamond or contradicts (9). Second, to obtain the triple f1; p; 3g, the
subgraph induced by fy1; yp; y3g must be a triangle. Similarly, by (9), we can see
that every vertex dierent from y3; y1 or yp sees at most one of the two vertices y1
and yp. Hence to obtain the triple f1; p; 2g, the subgraph induced by fx1; yp; y2g must
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be a triangle. Now to obtain the triple f1; p; 4g, the subgraph induced by fx1; yp; y4g
must be a triangle. Since H is diamond-free the subgraph induced by fx1; y2; y4; ypg
contradicts (8).
By (6){(10) and minimality of H , we can assume that there are no edges between
K and H−K . To obtain the triples f2; 3; pg we may assume that the subgraph induced
by fy2; y3; xpg is a triangle. To obtain the triples f1; p; 2g and f4; p; 2g, by the
previous remark and by (1), the subgraphs induced by fy1; yp; y2g and fy4; yp; y2g
must be two triangles. Since H is diamond-free, the subgraph induced by fy1; y2; y4; ypg
contradicts (9).
By the preceding lemma, we may assume that there exists a maximal clique K of
H containing the vertices xi for every i = 1; : : : ; q and such that K \ Sp = ;.
Lemma 2.4. For every clique K 0 dierent from K; either K \K 0 \V (H 0)= ; or there
exists i 2 f1; : : : ; qg such that K 0 \ Si = ;.
Proof. Indeed, otherwise let K 0 be a q-clique of H 0 such that fx1; y2; : : : ; yqg 2 K 0.
Let r be a color such that K 0 \ Sr = ;. By minimality of H , we may assume r 6= p,
so since q>5, we have p>7. By (1), to obtain the triples fi; j; rg and fi; j; pg with
i; j 2 f2; : : : ; qg we must have
K \ Sr 6= ; and K 0 \ Sp 6= ;: (11)
Denote fag = K 0 \ Sp and fbg = K \ Sr . Let H 00 be the subgraph induced by
V (H 0) [ Sp [ Sr .
We evaluate the number of vertices of H 00. To obtain the triples fi; r; pg for every
i = 2; : : : ; q, we need two adjacent vertices ai 2 Sp and bi 2 Sr . Since K 0 \ K = fx1g,
it is clear that ai 6= a and bi 6= b for every i=2; : : : ; q. Let H 000 be a subgraph induced
by Sp [ Sr , with edge set E(H 000) = f(ai; bi) for i 2 f2; : : : ; qgg. Since each edge of
H 000 participates to at most one triple fi; r; pg for some i = 2; : : : ; q, we conclude that
jE(H 000)j>q−1. By observation (1), it is clear that ai and bi in H 000 belong to at most
two triples fi; r; pg with i 2 f2; : : : ; qg. Hence, each ai and bi have degree in H 000 at
most two.
From these last two remarks we obtain that jV (H 000)j>q − 1. Thus jV (H 00)j>
2q + q + 1. Since H is a counterexample to Theorem 2.1 and p>7 then we have
jV (H)j63p − 6 and by the previous remark, we have jV (H)j = jV (H 00)j + jSq+1j +
  + jSp−1j − jSrj>3q+ 1 + 3(p− q− 2) = 3q− 5, a contradiction.
Lemma 2.5. We have !(H 0 − K) = q.
Proof. Observe that
jSpj6q− 2 with equality if and only if jV (H)j= 3p− 5: (12)
It is a direct consequence of jV (H)j63p− 5.
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Assume that !(H 0 − K)<q. Let H 00 be the subgraph induced by V (H 0) [ Sp. By
Lemma 2.4, we have !(H 00)6q.
Let X = fx1; : : : ; xtg be the vertices of K non-adjacent to Sp. By (1) and (12), we
have q − 1>t>3. By denition of X all triples fi; j; pg where i6t and j 6= i; p are
obtained by triangles containing the vertex yi. We claim that
There exists a vertex a into Sp such the subgraph induced by
fy1; : : : ; yt ; ag is a clique: (13)
Indeed, to obtain the triples fi; j; pg with i and j in f1; : : : ; tg the subgraph induced by
fy1; : : : ; ytg is a clique. Now by (1) we obtain the required claim.
Let K 0 be a maximal clique containing y1; : : : ; yt ; a such that K 0 \ Sq = ;. We claim
that
H = H 00; t = 2; p= q+ 1 = 6; jV (H)j= 3p− 5 and jSpj= q− 2:
(14)
If H 6= H 00 then p>q+ 1>6. If p> 6 then since H is counterexample of Theorem
2.1 we have jV (H)j< 3p−5. If jV (H)j< 3p−5 then by (12) we have jSpj<q−2.
If jSpj<q− 2 then t > 2.
Now, by (13), we can remark that xq sees at most one of fy1; : : : ; ytg, and at
most one of yi sees yq for i 2 f1; : : : ; tg. If t>3, then one of the three triples
f1; q; pg; f2; q; pg and f3; q; pg does not appear in the p-coloring, a contradiction.
Let Sp = fa; a1; a2g. Since yq sees at most one of y1 or y2, then it is easy to check
that K 0\K=;. Now, we may assume that the triples f1; p; qg and f2; p; qg are obtained
by triangles fy1; a1; xqg and fy2; a2; yqg. Observe that
For every i = 3; : : : ; q− 1 we have yi 2 K 0: (15)
Indeed, in the opposite case, suppose that yq−1 62 K 0. Since a2 (resp. a1) is not adjacent
to y1 (resp. y2) then xq−1 (resp. yq−1) see yq; a2 and y2 (reps. xq; a1 and y1) to obtain
the triple f2; q−1; pg (resp. f1; q−1; pg). Since q−2=3, if yq−2 2 K 0 then the triple
fq− 2; q− 1; qg is missing; else at least one of the triples f1; q− 2; qg or f2; q− 2; qg
is missing, a contradiction.
By (15), we have that yq−1 and yq−2 are not adjacent neither to yq nor to xq.
Thus, the triples fq − 1; q; pg and fq − 2; q; pg are obtained by triangles containing,
respectively, xq−1 and xq−2. Moreover, each of these triangles must contain yq, then
the subgraph induced by fyqg [ K contains a diamond.
By the preceding lemma, we can assume that there exists a clique K 0 of H such
that fyig16i6q belong to K 0. We choose a color t which does not appear in K 0 and by
minimality of H we can assume that t 6= p. Now, we calculate the number of vertices




. H 00 is a bipartite graph, we
claim that
K \ St 6= ; and K 0 \ Sp 6= ;: (16)
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Indeed, in the opposite case assume that the color p does not appear in K 0. Thus
to obtain the triples f1; 2; pg and f1; 3; pg we can assume that we have the triangles
fx1; y2; ug and fy1; x3; vg where u; v 2 Sp. By (1) it is clear that u 6= v, N (x1) \ K 0 =
fy2g and N (y1) \ K = fx2g. Hence (x1; y4) and (y1; x4) are not edges of H , so the
triple f1; 4; pg does not appear in the p-coloring of H , a contradiction.
Let fag= K 0 \ Sp and fbg= K \ St . Now, we claim that
jV (H 00)− fa; bgj>q: (17)
Indeed, to obtain the triples fi; p; tg for i 2 f1; : : : ; qg, we need two vertices ai in Sp
and bi in St , for every i= 1; : : : ; q. It is easy to see that each ai (resp. bi) participates
to at most two triples of type fi; p; tg for i 2 f1; : : : ; qg. So 2jSpj>q and 2jSt j>q.
But now, we obtain a contradiction which completes the proof, since 3p−5>jV j>
2q+ q+ 2 + 3(p− (q+ 2)) = 3p− 4.
Proof of Theorem 1.1. Let G be a graph in G and c be an !(G)-coloring of G − v.
Let v be a vertex obeying P(!(G)). Apply Theorem 2.1 with H =N (v) and p=!(G).
Then there exist three distinct colors i; j; k such that there is no fi; j; kg-triangle in H .
Clearly these three colors induce a K4-free subgraph of G.
3. Conclusion
We should point out that the result given in Theorem 2.1 is tight in the following
sense:
Proposition 3.1. For any integer p; there exist a diamond-free graph H of order n
with !(H)=p−1; and a p-coloring S1; : : : ; Sp of H such that for every three distinct
colors i; j; k the subgraph induced by Si [ Sj [ Sk contains a triangle. Moreover; n=
3p− 4 if p66 or n= 3p− 5 otherwise.
Proof. If p66 (Fig. 2) then consider, for example, a graph which consists of three
cliques Q1; Q2; Q3 of size p−1 plus a triangle T , where Qi (i=1; 2; 3) is colored with
all colors except i, and T is colored with 1; 2; 3; here all possible triples are present.
And Q1 \ Q2 = fag, Q1 \ Q3 = fbg; Q1 \ T = ;; Q2 \ Q3 = ;; Q2 \ T = fcg and
Q3\T =fdg, where a is colored 3; b is colored 4; c is colored 1, and d is colored 2.
It is easy to see that such a graph contains 3p− 4 vertices.
If p>7 then consider, for example, a graph which consists of two cliques Q1; Q2 of
size p− 1 plus a cycle C = fa1; a2; a3; a4g, plus a special clique K of size p− 6. The
Qi is colored with all colors except p+1− i, and C is bicolored with colors p− 1; p,
and K is colored 5; : : : ; p− 2. Q1 \ Q2 = fag and the color of a is 5. For every even
i, the edge (ai; ai+1) is adjacent to the vertex of Q2 colored i, and for every odd i,
the edge (ai; ai+1) is adjacent to the vertex of Q1 colored i. Now to obtain the triple
fp;p−1; p−2g, we add all the edges between, the vertex colored 2 of Q2, a2; a3 and
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Fig. 2. p66.
Fig. 3. p>7.
K . So such a coloring has the required property, and it is easy to see that the graph
is diamond-free and of order 3p− 5 (Fig. 3).
We give now a polynomial recognition algorithm of the class G. For a given graph G
of order n, we have to nd an elimination ordering v1; : : : ; vn of the vertices of G, where
vi is a vertex with Property P(!(G)) in Gi the subgraph induced by fvi; vi+1; : : : ; vng.
For every i = 1; : : : ; n, it is possible to compute in polynomial time if such a vertex
vi exists: we take a vertex v in Gi such that Gi[N (v)] is diamond-free (complexity at
most O(n6)) and such that the number of vertices in Gi[N (v)] belonging to a triangle
is minimum.
After that, we determine !(Gi): Tucker [9] gave a O(n3) algorithm to nd all
maximal cliques of a diamond-free Berge graph. Then we can compute recursively the
value of !(G) with the formula !(G) = maxf!(G − v1); 1 + !(N (v1))g.
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Finally, once the value of !(G) is known, and if G is perfect, we can apply the
coloring algorithm described in the introduction. At the ith step we either use a new
color for vi or nd in O(jV j3) time three colors h; i; j such that no fh; i; jg-triangle
exists in N (vi).
4. For further reading
The following reference is also of interest to the reader: [7]
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